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Maxwell's Equations

Maxwell's Equations:

V-E(x,t)= P Gauss's law

€
V x E(x,t) + /L(?Z(x, t) =0 Faraday's law
V-H(x,t) =0 Magnetic Gauss's law
V x H(x, t) — egf(x, t)=J Amper’s law

E,H electric and magnetic fields.
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Kirchhoff’s circuit laws:
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Electrostatics

Electrostatics: Electrostatic Potential:

V-E(x)=p £(x) = —Vo(x)
VxEKxX)=0 Ad(x) = —p

Problem
Let p € Go(R3) N CO¥(R3), find #(x) € C?(R3) that verifies:

Ap(x) = —p

X

and the radiation condition: ¢(x) = o(1) unif. in all directions =l

Solution: (convolution with the Green's function g = 47rl‘x|)

P(x) = /R3 47T|X1_y|p(y)dVy =gx*p= "V
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Electrostatics 2D

Let p € Co(R?) N CO%(R?), find ¢p(x) € C3(R?) that verifies:

Ag(x) = —p

and the radiation condition

Solution: (convolution with the Green's function g = 52 log|x| )

-1
o) = [ 5 tog(lx = y)o(y)dvy = g p = VI
R2 £T
Properties of the operator V (2D and 3D):

Go(R?*) N CO*(R?) — C**(R?)
Go(R?) N CHY(R?) — C32(R?)
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Electrostatics. Boundary Value Problem

Definition

D is a bounded open region in R® with boundary D consisting of
a finite number of disjoint, closed bounded surfaces belonging to
the class C2. R3\D is assumed to be connected.

Problem

Given h(x) € C(AD), find ¢(x) € C>(R3\D) N C(R3\D) that
verifies:

Ad(x) =0
o(x)lap = h(x)

and the radiation condition: ¢(x) = o(1) unif. in all directions =l

Uniqueness: (energy estimate: divergence thm. on F := ¢V ¢)

53
/|V¢y2dvz/ <l>—¢ds
R3\D ap On
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Electrostatics. Boundary Value Problem

Existence: (in half plane 2D)

_ 1 h(xo)y
¢(X,Y)—7r/oo mdx()

Identity approximation:

1
lim — 4

y_>07-(-—(X_X0)2 +y2 = (S(X—XO)

...what about the general case?
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Electrostatics. Boundary Value Problem

Existence (general case) Notice that:

y 0
=)+ a*y/og( (x —x0)* + y?)

And also:

1 Y _-190 )2 )2
TR 7 a0+ (o)

Yo=0

This suggests the use of the following representation for the
solution:

o= [ L glx—y)oly)ds,
oD y

We get:
9(x)|op = 5 + Dlo] = h(x)

where D is a compact operator in some sense.
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Electrostatics. Boundary Value Problem

Representation for the solution:
0 .
o0 = [ o glx-y)ods, i [ glx=y)atyas,
ap 9y oD

We get:
6(x)|op = 7 + Dlo] — iS[o] = h(x)

where D and S are compact operators in some sense.

02,() . /BD (n(Y) (x-y) i47r|x1— y‘)g(y)dsy = h(x)

4rlx —y3
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Existence of Scattering Problems

General Mechanism:

Uniqueness (PDE+boundary) Existence (PDE+boundary)
! 1

Uniqueness Second Kind eq. —  Existence Second Kind eq.
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Second Kind Integral Equations

Definition

Let X, Y be Banach Spaces. A bounded linear operator

K : X — Y is compact iff for each bounded sequence {x,} C X,
the sequence {K(x,)} C Y contains a convergent subsequence.

Definition
An operator L : X — X is second kind if it takes the form
L =/ + K where [ is the identity and K is a compact operator.

Theorem

Let L : X — X be a second kind operator then exactly one of the
following stamens hold:

@ [x = 0 has a non-trivial solution

o The operator L has a bounded inverse L™ on X
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Second Kind Integral Equations

Theorem

Let P, be a sequence of projections on X with dim(im(P,)) = n
such that ||P,(x) — x|| = 0 Vx € X, and let Lx = y be a second
kind integral equation uniquely solvable, then the solutions to

PoLPox, = Ppy

verify ||x, — x|| — 0
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Second Kind Integral Equations

The condition number of an operator L is: C := ||L|| - ||L7}]

Solving the equation P,LP,x, = Ppy with finite precision
arithmetic, the error saturates to ||x, — x|| < Cémachine for n > ng

10 —Exact Arithmetic
---Finite Precision Arithmetic

=107
o
o
3
8
< 107

1 0—15

0 10 20 30

Felipe Vico Integral Equations for Computational Electromagnetics



Holder Spaces

The Holder space C%®(AD) is the set of continuous functions
f(x),x € 9D such that ||f||o,a < +00 where:

f —f
IFloa = sup [FG)]+ sup 1O FEI
xeoD x,yEOD xF£y |X - Y|

The normed space (C%*(9D), || - |lo,a) is a Banach space.
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Holder Spaces

The Holder space C12(AD) is the set of differentiable functions
f(x),x € OD such that ||f||1,o < 400 where:

F(x) = Vof
Hle,a = HfHoo + sup \st(x)| + sup |v5 (X) Vs (Y)|
x€dD x,yeoD x#y |X = y|0‘

The normed space (C*(9D),|| - ||l1,a) is a Banach space.
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Holder Spaces

Theorem

Forany0O<a< f<1and0<y<d<1 The following
imbeddings are compact:

cYA (D) - cH(9D) — C%(aD) — C°7(dD) — C(AD)
e.g:
T1: C(OD) = cont COY(AD) = Ty : C(ID) = comp C(AD)

T1: CH(OD) = cont C%°(OD)
To : C(OD) —cone CH*(OD) = T1T2: C(OD) —comp C(OD)
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Layer Potentials

Layer Potentials:

Slol(x) = /6 a(x=y)o(y)dA,. Dlolx) = /6 ) §g< —y)o(y)dA,

Theorem

Let g(x,y) defined and continuous for all x,y € OD,x #y, and
there are constants M > 0, « € (0, 2] such that:

lg(x,y)| < M|x—y|* 2, x#y

Then the operator h(x) = [, g(x,y)f(y)dAy is compact on
C(oD)
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Layer Potentials

Surface operator Regularity
(x € OD) (continuous map)
B C(0D) — C%(oD)
So = faD g(x - y)U(Y)dAy { CO,a(aD) N Cl’a(aD)

0,
Do = [,p ngy(x —y)o(y)dS, { C(oD) — C**(aD)

CO0%(aD) — CH2(AD)

0,
S'a = Jop - vatas,  { SO0 S0

CO(9D) — C12(aD)

Do=32 [ g—fy(x —y)o(y)dS,  C*(dD) — C%*(9D)
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Existence of Scattering Problems

Given h(x) € C(AD), find ¢(x) € C2(R3\D) N C(R3\D) that
verifies:

Ag(x) =0
¢(x)lop = h(x)

and the radiation condition: ¢(x) = o(1) unif. in all directions ]

Theorem
000 = [ (GEx=y) = iglx—y))oly)es, =

The function ¢* verifies the exterior Dirichlet problem provided o
verifies the following second kind integral equation

%+D0—i5(7:h
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Existence of Scattering Problems

Theorem

The exterior Dirichlet problem has unique solution and the solution
depends continuously on the boundary data with respect to
uniform convergence of the solution on R3\D and all its
derivatives on closed subsets of R3\ D

||¢Scat||oo,R3\5 < C(aD)HhHoo,aD

Integral Equation

a(x) nly) - (x-y) . 1\ b
2+/8D( 4r|x —y[3 47r|x—y|> (y)dSy = hix)

Numerical solution using the Nystrom method.
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Boundary Value Problems in Scattering Theory

Definition

Given h(x) € C(0D), find ¢(x) € C2(R3\D) N C(R3\D) that
verifies:

Ap(x) + k2p(x) =0
¢(x)lop = h(x)
(k > 0) and verifies the radiation condition:

R V(%) + —ik(x) = o(ﬁ} x| = o0

Uniformly in all directions ﬁ
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Theorem

Let ¢*?t(x) € C?(R3\D) N C(R3\D) be a Helmholtz scalar
function A¢ + k¢ = 0 and satisfying the R.C. and:

o — %{k ¢8¢ds} >0
ap On

then, ¢ = 0 in R3\D. (k > 0)

eiklx]|

Similar approach using the Green's function gx(x) = el

000 = [ (GEx )~ mlx — ) )a(4)d, =

on,

¢ verifies the partial differential equation, the radiation condition
by construction.
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Existence of Scattering Problems

Theorem

The exterior Dirichlet problem has unique solution and the solution
depends continuously on the boundary data with respect to
uniform convergence of the solution on R3\D and all its
derivatives on closed subsets of R*\ D

‘|(]5scat’|()<)7R3\5 < C(aD,k)HfHoo,aD

Theorem

The continuity is uniform on any k € [0, kmax]

||¢Scat|’oo,ug3\5 < CoD, k) | fllc0,0D

Theorem

The operators Sy, Dy are collectively compact on C(OD) for
k € [0, kmax]
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Integral Equation

o(x) n(y) - (x—y) . 1 ik|x— _
2 + /c‘)D ( 47r|x —y|3 - m47r|x - y\)e ; y‘a(y)dSY = f(x)

Using the Nystrom method (locally corrected for the diagonal
terms) we get uniform accuracy for k € [0, kmax]-.
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Boundary Value Problems in Scattering Theory

Let h € T*(dD).
Find ES®(x), H*®(x) € C1(R3\D) N C(R3\D) such that:

v X Escat IkHscat n x ESC3t|8D = h
v X Hscat IkESCGt’

(k > 0) and verifies the radiation condition:
H<t(x) x & — Bt (x) = o (%), x| = o0

Uniformly in all directions ﬁ
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Vector Holder Spaces

The Holder space T%%(9D) is the set of tangent fields
f(x),x € 9D such that |[f]| 70« < +00 where:

f(x)—f y
]| 7o.« = sup [f(x)|+  sup w
x€0D X,yEOD ,x#y ‘x — y|

The normed space (T%*(0D), || - ||70.) is a Banach space.
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Vector Holder Spaces

The Holder space Tg’a(GD) is the set of tangent fields possessing
surface divergence such that [[f|| ;o.a < +o00 where:
d

[fll 70 = [IF ()l 700 4 1Vs - Fllo,a

The normed space (T$*(9D), || - || o.) is a Banach space.
d

Felipe Vico Integral Equations for Computational Electromagnetics



Vector Holder Spaces

The Halder space T*(9D) is the set of tangent fields possessing
surface divergence such that [[f|| ;0.0 < 400 where:

[fll 700 = [IFC[ 0.0 + [[Vs - (n X F)llo,

The normed space (T*(9D), || - || o.2) is a Banach space.
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Vector Holder Spaces

Forany0<a< f<1and0<y<d <1 The following
imbeddings are compact:

T98(0D) — T>*(0D) — T®%(OD) — T®(8D) — T(AD)

T97(8D) — T9*(0D) — T%%(8D) — T®V(8D) — T(AD)
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Layer Potentials

Green's Function in the free space:
etklx|
47 |x|

gk(x) =

Layer Potentials:
SeIx) = /a _alx—y)(s)dA,
VxS =V x| alx-y)isda,

VX V x Sild](x) = V x V /6D ge(x — y)J(y)dA,
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Layer Potentials

Surface operator Regularity
(x € 9D) (continuous map)
T(0D) — T%*(0D)
nx S(d) { T02(9D) - T3°(9D)
Mi(J)

= [5pNx X Vi x (gk(x — y)J(y))dA, T(0D) — T%*(0D)

Tx(J) T3*(@D) — T9*(dD)

where: Ty (J) = [;pnx X Vi x Vi x (g(x — y)J(y))dA,
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Energy estimates (k > 0)

Let ES(x), H?t(x) be a Maxwellian field x € R3\D (R.C.):

|, = éﬁ{/ n x Eseat -ﬁscatds} <0
oD

then, ES®@(x) = H%®t(x) =0
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Existence of Scattering Problems

Guess:

E(x) = V x Sk[J](x) + iV x V x Si[n x SZ(I)](x)

H(x) = %V x E(x)

E, H verifies the Maxwell's equations and the radiation condition
by construction.
Boundary condition:

E(x) = V x Si[J](x) + iV x V x S[n x S3()](x)

n x E(X)|C‘)D =f= % + Mk(J) + iTk(n X S%(J))
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Low frequency stability

Condition number of the resulting integral equations:

I
cond(5 + Dy — iSk) < Ch Yk €10, ko]

I -
cond(i + My + inTgn x Sg) L NS

@ This problem is called low frequency breakdown in the
literature

@ Almost all integral equations proposed for Electromagnetics
have the same problem, in one way or another
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Standard Integral Equations

Magnetic Field Integral Equation (MFIE):
[Chew (2003) IEEE TAP]

-900 T T T T T T T —
—— MFIE + RWG Basis
- —- Mie Series
_—1100F
o
A
§ -1200f
L
b}
k]
“ _1a00} 1
---------------------- ae - mmmmmm
%4
-1400F i 1
|
i
l
-1 5000 20 40 60 80 100 120 140 160 180
Angle 6 (Degrees)
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Nullspace of Maxwell's equations in static regime (k = 0)

Find Es€@t(x) for x € R3\D such Find Het(x) for x € R3\D such

that (and RC): that (and RC):
V x Esat — 0 V x Heat — 0
V . Escat — 0, V . Hseat — 0,
n x Escat|8D —h n- Hscat‘aD - _n- Hinc‘BD
Dirichlet fields (nullspace): Neumann fields (nullspace):
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Non-Existence of solution in static regime (k = 0)

f E’“‘-d.':]n-VxEs“‘ds:O
L=8S s

Egcat — _véacat
n x Vo5t = —n x Vog©
A¢8cat — 0

¢8cat — _¢|0nc
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Non-Existence of solution in static regime (k = 0)

f E’“‘-d.':]n-VxEs“‘ds:O
L=8S s

Eacat — _v¢8cat
n x Vst = —n x Ve
A¢gcat =0
(z)acat — _ Bnc + \/_/

agbacat
——ds = Q;
/aq- On ’
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The Electric Extended Problem

Definition

Let h € Tg’a(aD),fE Cg’a(GD), and g; constants
Find E(x) € C?(R3\D) N C(R3\D) such that:
V-E,V x E(x) € C(R3\D) and v;

AE + kK’E=0

n X E’@D = h‘aD
V- Elop, = f +v;

/ n- Escatds — qJ
oD;

VXEXL—FﬁV‘E—ikE:o(i), x| — o0

Ix] I|

Uniformly in all directions ﬁ
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The Electric Extended Problem

If E verifies:

AE + k’E=0
I‘IXE‘BD:h
VE|3DJ:0+‘/J
. Escat Jo —
faDan ds=0

Then ¢ := V - E verifies:

Ap+ k?p =0
lop; =~ 0+V;
faDj gads =0

Then V - E = 0 verifies:
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The Electric Extended Problem

Energy Estimate for vector Helmholtz fields

Theorem

Let E(x) be a Helmholtz field AE + k?E = 0 x € R3\D (RC):

ls:%{k/ an-VxE%—n-EV'Eds}ZO
oD

then, E=0 (k > 0)
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The Electric Extended Problem

Representation for the Vector potential:
E(x) = V x Sk[a] — Sk(np) + in(Sk[n x Sik[a]](x) + V Sk [Si[p]](x))

Second kind integral equation:

1| a =l a .= = a 0 f]

5 + L +inR-S; + = ,

S R M ER M R B
Lo, (n -V x Ska—n- Se(np) + in(n- S(n x Sya) — 5 +5,'(p))ds = qj,

J
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Stability of the Extended Electric Problem

Theorem

The Electric Extended problem has unique solution for k > 0 and
the solution depends continuously on the boundary data with
respect to uniform convergence of the solution on R3\D and all its
derivatives on closed subsets of R3\ D

N
1l g5 < Copt0 (IIhllocop + lIFlloc.on + 4| 3 l42)
Jj=1

Theorem

The continuity is uniform on any k € [0, kmax]

€l 25 < €00 ko) (IPlloo,00 + 1Flloc.om + | D 10512)
j=1
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Compatibility with Maxwell's Equations

Theorem

Ifh = —n x E™ where E™ js a Maxwellian vector field and f = 0
and q; = 0, then, the solution of the Extended Electric Problem is
a Maxwellian field
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Decoupled Potentials boundary conditions

Suitable boundary conditions (for any w > 0) on the potentials
separately would solve the bad scaling problem and the non
uniqueness of the static limit (dF = 0= F = dA):

n x As(x) —n x A"(x)|sp
n x V¢*a(x) = —n x Vo™ (x)|ap

gine {ginc ¢mc IA‘“C

[Fyscat ¢scat
Escat Ascat
(@) (®)

[4] Vico, F., Ferrando, M., Greengard, L., Gimbutas, Z. (2016). The Decoupled Potential Integral Equation for
Time-Harmonic Electromagnetic Scattering. Communications on Pure and Applied Mathematics, 69(4), 771-812.
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Boundary conditions

Table: Decoupled boundary value problems for the vector and scalar
potentials. Uniquely solvable for w > 0. Unknowns: ¢, {\/J}JN:l and

Ascat, {\/J}JN:1 The surface boundary is: D = 9D, UOD, U ... UdD,

Modified Dirichlet Problem
A(Z)scat 4 k2¢scat =0

. o

Scalar P |8Dj = —¢mc‘6Dj + Vj
8¢scat _ 6¢IHC

op; —on 95 =~ Jop, “on 95

A ASCat + k2Ascat =0
Vect nXAscath:_r!XAinc’@D
ector V- Ascat|8Dj =_V. Amc|8Dj_+ vj
Jop - A ds = — [ n- Ainds

i gl
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Theorems about Modified Dirichlet problems:

Theorem

For any k > 0 the Scalar Modified Dirichlet Problem has one and
only one solution.

Theorem

For any k > 0 the Vector Modlified Dirichlet Problem has one and
only one solution.
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Fundamental theorem:

Theorem

For any w > 0, let E", H"® be an incoming electromagnetic field
described by the 4-potential A", ¢'"° in the Lorenz gauge. That is:
Hinc — U_lv > Ainc
Einc — iwAinc . v¢inc
vV - Ainc — iw,ue¢inc )

Then ES<@t, Ht, can be described by A5, ¢°2t. More precisely,

Hscat _ M_lv % Ascat
Escat — I-wAscat . v¢scat
v . Ascat — I'w/LEQbscat
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Scheme of the solution:
/(Einc’Him:) ________ _)(Escat’Hscat)
J",p™)
(Ainc,qbi"c) (Ascar’¢scat)

Theorem

The four potential A5t  ¢5<?t, solution to the modified Dirichlet
problem depends continuously on the boundary data A", ' on
the surface. This continuity is uniform for w € [0, Wmax]

fAQIL e c@D)xC — & {Vi}L, € C(R*/D) xC

f,h{Q}L, € T(AD) x C(@D) xC"  —  A* {v}YL, € C(R*/D) x C"

for any k € [0, kmax], with fixed Kmax.

Felipe Vico
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Numerical Results. Ellipsoid 3x1x1

DPIE. Frontal solver. High Order Nystrém. Convergence analysis.

Ainc — _Xelkzz ¢|nc — _XeIkZ, (Emc — elkzX'Hmc — elkzy)’ k=0.1
R(p)
10}
8107}
L
B
g
= 10°
it

-%-H 7 nodes/triangle .
- E 25 nodes/triangle T o
| | = H 25 nodes/triangle
10 110 45 nodesitriangle [ 1
~&-H 45 nodes/triangle

Total Number of Triangles
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Numerical Results. Ellipsoid 3x1x1

DPIE . Frontal solver. High Order Nystrom. Low frequency
stability

‘105 . = Ntri=36’ 7 nodesitriangle -
o H Nm=36, 7 nodesftriangle

o E Nlri=36’ 25 nodesftriangle
«H Nm=36, 25 nodesftriangle
.o.E N ;=96 45 nodes/triangle

—
o
[=1
T
I

LaH Nm=96, 45 nodesftriangle

e

&
—f

Estimated Error

.

_.
ou
&

.

Wave number k
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Numerical Results. Torus

DPIE . Frontal solver. High Order Nystrom. Convergence analysis.
Ainc — *XeikZZ qbinc — 7xeikz (Einc — eikzx Hinc — eikzy)
k=103

Rp

- : -e-E 25 nodes/triangle
10 Fop it b ae H 26 nodesfriangle

e____~j_€ -0- E 45 nodes/triangle

A_____" -~ H 45 nodesftriangle
A = H
o
w Ommmmmm el 4
T AQ bbb S J
-.‘]--J - p)
. = A ——
B £
b ~
) L \\\\
T \ B
' B :
10 '+ N 1
°

107
Total Number of Triangles
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Numerical Results. Torus

DPIE . Frontal solver. High Order Nystrom. Low frequency

stability
10° : : :
4 |-e-E Nm=32, 25 nodesftriangle
104 ‘ = H Nm=32, 25 nodes/triangle 1
o E N =98, 45nodesitriangle
5 »H Nm=98, 45 nodes/triangle
=10 : . .
|_|_| v
@D @ v
E | ;
=10 g 4 4
w
R R Sgommooii E.
10t : 4
P R, e e o e o e e Y
10% 10 10 107" 10"

Wave number k
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Numerical Results. Ellipsoid 3x1x1

DPIE . Frontal solver. High Order Nystrom. Convergence analysis.
Source located inside (small loop and dipole linear comb.). k = 0.1

x10 10 -6-E 25 nodesitriangle
s -&—A 25 nodesitriangle
: i) - E 45 nodesitriangle
6 B : '\ < A 45 nodesitriangle
10
-4 ‘g
|
2 B0
<
£
| 0 m
i
- 10°
-4
-6
6 10k
: 3

10 10° 10
Total Number of Triangles
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Numerical Results. Ellipsoid 3x1x1

DPIE (physical non — physical). Frontal solver. High Order
Nystrom. Low frequency stability

2

10 . —
—o-F Nlri=36’ 25 nodesitriangle
~o-AN, =36, 25 nodes/triangle

0

10 Lo _ . 1
o £ N=96, 45 nodesitriangle
= AN ri=96, 45 nodesftriangle

Estimated Error

Wave number k
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Numerical Results. Superellipsoid x® + y® + z8 =1

DPIE . Frontal solver. High Order Nystrom. Convergence analysis.
Source located inside (small loop and dipole linear comb.). k = 0.1

-1
-1

-1

Felipe Vico

10 e -e~E 7 nodes/triangle
: : -4~H 7 nodesitriangle
-0- E 25 nodesitriangle
102 a - H 25 nodesitriangle
~0-E 45 nodesftriangle
~&-H 45 nodesftriangle
10°} ~»
107
107
10° 7 e ®
10 10 10
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Numerical Results. Superellipsoid x® + y® + z8 =1

DPIE (physical non — physical). Frontal solver. High Order
Nystrom. Low frequency stability

-e-E Nm=1 08, 25 nodes/triangle
5 aH Nt =108, 25 nodes/triangle
107} " .
oE Nm=1 92, 45 nodes/triangle
«H Nm=1 92, 45 nodesftriangle
5 . . .
MRS R ]
5 ;
@D H
£ ;
e ;
= A== A== === == =
oo, ;
10t 1
R @-————-—- P B ~
3 B
10 * : '
10% 10 10 107" 10"

Wave number k
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Double Torus

Decoupled Potential Integral Equation. Frontal solver. High Order
Nystrom

Ntriangles = 100
Nunknownsppiey = 13502
Nunknownsppies = 4502
Nodes per triangle = 45
Dmax = 1.6 - 10713\
Ainc — —Xeikzz,¢i"c —

_xelkz.

Condition Num.ppje, = 49
Error ES® =35.1073
Error H%€@t =2 4.1073

Felipe Vico
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Double Torus

Decoupled Potential Integral Equation. Frontal solver. High Order
Nystrom

° Ntriangles =144

° NunknownsDPIEv = 19442

° NunknownsDPlEs = 6482

@ Nodes per triangle = 45

@ Dpmax = 2.39A

e Ainc — —Xeikzz,¢i"c —
*Xeikz,

Condition Num.ppje, = n.a.
@ Error Esc@ —52.10~*
@ Error H¢at =2 7.10~4
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High Frequency Regime

Decoupled potential integral equation with and without rescaling:
o I

600 - scaled DPIEy
8500 — DPIEv
T

| N yax

0 10 20 30 40
k (wavenumber)
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High Frequency Regime

Eigenvalues of the Decoupled potential integral equation with and
without rescaling:

40 ‘ o Eig. of DPIEv
. - Eig. of scaled DPIEv
20 e o ]
i o,
s B .
»—Ei "o "o o 0
-20%
-40r 7 °
5% 20 40 60 80
Real
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High Frequency Regime

Eigenvalues of the Decoupled potential integral equation with and
without rescaling:

30 , , . .
—— scaled DPIE
25 —— gDEBYE
---- CP-CSIE
8 gll ---- RCsEE
g
El
Z
g 15 ity
o
= " lhh;‘ Hfﬂdmml' &
] ity s
s 10 [
3 = g !5,,,...“,,‘,5,. ot
N “ ',, e 1 gt
g il ,:..l::gx’-‘-.'v;“v,,,u:n:.a:w;w
5t ot 5 “w”‘\;py,‘,‘ "m‘ m,w n.g,u by
o
[ AR
0 L L L L
0 20 40 60 80 100

k (wavenumber)
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Numerical Experiments (High Frequency)

N triangles 36 76 116
Nunknowns 4860 10260 15660
Time 108 s 222 s 335s

Error ES®® 9.2.1073 15.107* 7.9.10°°
Error HS%t  7.7.1073 7.4.107° 7.1-107°
k 5 5 5
8th order polynomials
45 points/triangle

ST
-J////
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Numerical Experiments (High Frequency)

Non-Resonant Charge-Current
Integral Equation

° Ntriang/es =116
@ Nynknowns = 15660

e D=95\

e Error Es®@ =3.1.1073
@ Error H¢@t = 1.4.1073
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Numerical Experiments (High Frequency)

Non-Resonant Charge-Current
Integral Equation

Ntriangles = 236
Nunknowns = 31860

D =19\

Error ES® = 561072
Error H%¢@t = 2.2.1072
Matrix filling time: 731 s

Frontal solver: 578 s
Intel(R) Xeon(R) CPU
E5-2680 0 @ 2.7GHz, 64 GB
RAM, 8 Cores

Felipe Vico
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Numerical Experiments (High Frequency)

DPIE
® Niriangles = 242
Nunknowns = 16335
D = 6.4\
Error ES€@ =3.9.107%

°
°
°
@ Error H¢® =36.10"%
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Numerical Experiments

FMM. Gimbutas Greengard
Library
sl . Non-Resonant Charge-Current
‘ .- Integral Equation

@ Niriangles = 65535

® Nynknowns = 196605
@ Dppax = 70\

@ lterations 54
o

CPU Time: 1h 13 min 43
sec

Error ES€at — 7.02 - 102
Error HSC@t — 492 . 102
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Numerical Experiments

Non-Resonant Charge-Current
|4 Integral Equation

i ® Niriangles = 327680

L 0 Nunknowns = 983040

e D =70\

o lterations 48

|3 @ CPU Time: 9h 5 min 22 sec
o
°

Error ES€at — 2 93.102
Error Hsat — 154 . 102
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High Frequency Behavior

Number of GMRES iterations:
80 ! ! O Sphere

-A-Tetrahedron

< Conesphere

607 “NASA Almond

0 20 40 60 80
D/

Integral Equations for Computational Electromagnetics
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Rp Non-Resonant Charge-Current
Integral Equation

° Ntriangles = 58562

@ Nynknowns = 175686

@ D = 36.82)

o lterations 55

o Error ES®@t =3.2.102
@ Error H€¢@t =2.9.1072
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Non-Resonant Charge-Current
Integral Equation

- @ Nyrjangles = 122935

@ Nunknowns = 368805

: @ Dpax = 34.6)
[terations 59

Error ES€at = 2.5.1072
Error H5¢@t = 3.6.102
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Carrier

Non-Resonant Charge-Current
~Integral Equation

® Niriangles = 58960
Nunknowns = 176880
Dpax = 28.64\
[terations 52

Error ES®@t = 7.1.1072
Error H¢at = 7.5.1072
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Satellite. European Antenna Modelling Library. ESA

Ji

Decoupled Potential Integral
Equation. FMM. First order

° Ntriangles = 55498
NunknownsDPIEv = 166495
Dmax — 01)\

°
°

e Genus = 6
°
°

Iterations 57
Error AS®@ = 9.1.1072
@ Error H@t = 6.4.1072
(Thanks to ESA European

/\///”‘/4Antenna Modelling Library and
T IDS.)
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Quadrature Rules. Numerical Integration. 1D

b n
/ f(x)dx ~ Zwkf(xk)
a k=1

Trapezoidal rule:

[ g 2D S

-1
k=1

f(a+ k(b /n)+f—)

(b_ ) / / _
Error = — o (f'(b) — f'(a)) = O(n?)

Gauss rule: (exact for polynomials of degree up to 2n — 1)

_( _ a)2n—|—1(”!)4
(2n+ 1)((2n)!)3

(F2"()
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Quadrature Rules. Numerical Integration. 2D

[ [ e ~ ; wef ()

Gauss-like rule: (exact for polynomials of degree as high as
possible)

05F * * *
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Trapezoidal rule for periodic functions

High accuracy of Trapezoidal rule for periodic functions:

/ F(x)dx ~ % S f(k/n)
0 k=1

f(X): io: Cmei27rmx

m=—0oo

Trapezoidal quadrature rule exact for the first n terms of the
Fourier series

Error < byn™* {b,} € I* & f[0,1] — periodic € W}

[1] Rahman, Q. I., Schmeisser, G. (1990). Characterization of the speed of convergence of the trapezoidal rule.
Numerische Mathematik, 57(1), 123-138.
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Quadratures of singular integrals

1
= f(u,v)dud
//A S b7 (u, v)dudv

Polar coordinates around the
target point:

u = Rcos(6)

v = Rsin(0)
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Quadratures of singular integrals

u = r(t) cos(0)
v = r(t)sin(0)

where r(t) is defined piecewise as:

. r(t) =t t<ty

. :if(;n);"w"d s r(t) =ry+ (t—tn)? th<t<th
=, where:
=, th=n

T thy1=th+vtt1+1n

o I N,

0 0.02 0.04 0.06 0.08 0.1
T
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Quadratures of singular integrals

0.08

0.06

0.04

> 0.02

—0.04

0 002 004 006 008
u

Digits of accuracy

- ®- Spiral nodes (1:1)
—o—Radial nodes (1:1)
-4- Spiral nodes (10:1)
- Radial nodes (10:1)

M

5000 10000 15000
Number of quadrature nodes on the triangle (N)

Felipe Vico
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Integral transform. Fast evaluation

b
hy) = / g(x,y)F(x)dx

Gauss quadrature for each target point: (cost n?)

h(y;) = Y g(xi y)F(xi)w;
i=1

g(x,y) = co+ax+cy+ C3X2 + C4y2 + csxy + ...
(cost np)
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Integral transform. Fast evaluation. Singular kernels

g(x,y) = log(jx —y|) &(x,y) = H"(A\x —y|)
1 ei>\|x_y|

g(x,y) g(x,y) =

 anfx—y] A|x —y|
Fast Multipole Method: Tree structure. Previous method on

well-separated boxes. (cost nlog(n))

Level M boxes Level M+1

Children

[2] Greengard, L., Rokhlin, V. (1987). A fast algorithm for particle simulations. Journal of computational physics,
73(2), 325-348.
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GMRES

Iterative methods to solve linear systems: Krylow subspace

f(y) + / g(x,y)f(x)dux = h(y)
{05 + giwitj—1{fitiz = {hi}=
Ax=b

Km = Km(A, b) = span{b, Ab, A%b, ..., A" 1b}
Xm € Km

. 52(A)2 -1 m/2
[rm| < p'engm‘P(A)’7 |rm| < (W) |ro]

Felipe Vico
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Integral transform. Fast evaluation. Singular kernels

[3] Driscoll, T. A., Toh, K. C., Trefethen, L. N. (1998). From potential theory to matrix iterations in six steps.
SIAM review, 40(3), 547-578.
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